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Abstract—The paper is devoted to the calculation of renormalization-group (RG) functions in the O(n)-
symmetry two-dimensional model of the lj 4 type in the five-loop approximation and to an analysis of the 
critical behavior of systems described by this model. Five-loop expansions for the b  function and the critical 
indices are determined in bulk theory. They are summed up using the Padé–Borel and Padé–Borel–Le Roy 
methods, making it possible to optimize the summation procedure and to estimate the accuracy of the obtained 
numerical values. It is shown that in the Ising (n = 1) case, as well as in other cases, the inclusion of the five-
loop contribution to the b  function displaces the coordinate of the Wilson fixed point only 
insignificantly, leaving it outside the interval formed by the results of computations on lattices; even 
“spreads” of the error in the renormalization group and lattice estimates do not overlap. This discrepancy is 
attributed to the effect of the nonanalytic component of the b  function, which cannot be determined 
in perturbation theory. A computation of critical indices proves that, although the inclusion of the five-
loop terms in the corresponding RG expansion slightly improves the concordance with the exact results, 
the nonanalytic contributions are apparently also significant in this case.The renormalization group (RG) method is one of
the most important analytical tools applied at present
for a theoretical analysis of critical phenomena. It
proved to be exceptionally efficient as applied to three-
dimensional systems both for determining the quantita-
tive characteristics of the critical behavior and for ana-
lyzing qualitative features of phase transitions. The cal-
culation of multiloop RG expansions for an O(n)-sym-
metry model of the lj 4 type and their processing with
the help of various methods of summation made it pos-
sible to obtain highly accurate values of critical indices,
critical-amplitude ratios, and renormalized coupling
constants [1–9] used as standards for comparing the
predictions of the theory with the results of physical
and computer experiments.
On the other hand, the advances of the RG method
in the theory of phase transitions, which are quite obvi-
ous, lack sufficient theoretical substantiation. Indeed,
all observables can be presented in this case in the form
of a diverging power series in dimensionless renormal-
ized coupling constants which are not small in the crit-
ical region. The construction of various iterative proce-
dures on the basis of diverging RG expansions, the best
of which exhibit rapid convergence and lead to match-
ing numerical results, simplifies the problem, but natu-
rally does not solve it. In this situation, alternative
methods of verification of the reliability and efficiency
of the RG method (primarily, its testing on certain
exactly solvable models) become especially significant.
The two-dimensional Ising model, describing criti-
cal phenomena in a number of real physical objects, isa well-known example of an exactly solvable model of
phase transitions. It is generally accepted that in the
critical region this model is thermodynamically equiv-
alent to the two-dimensional scalar theory of the lj 4
type, and hence its critical behavior can be analyzed
using the RG method in analogy with three-dimen-
sional systems. Quite recently, exact values of asymp-
totic critical indices were also determined for a family
of two-dimensional models corresponding to confor-
mal-invariant theories [10–12]. These models are charac-
terized by n-component order parameters with nonintegral
values of n, forming an infinite sequence converging to the
point n = 2. They form a natural basis for further testing of
the RG method in phase-transition theory.
Another circumstance stimulating the study of two-
dimensional models by using the RG technique is that
not all of the universal parameters characterizing their
critical behavior are known or can be determined from
the exact solutions obtained. As a matter of fact, these
solutions are valid either in a zero field or only at the
critical point, and hence they cannot be used, for exam-
ple, to find the critical index of corrections to scaling w
or the renormalized dimensionless coupling constants
g2n appearing in the equation of state (a detailed analy-
sis of questions associated with this problem can be
found, for example, in [13, 14]). At the same time, the
recent renormalization-group calculation of the univer-
sal value of the vertex g6 for the two-dimensional Ising
model [15] and a comparison of the result obtained
with the lattice analogs [16, 17] proved that the RG
method can be sufficiently efficient in such cases.
It should be noted that in the physical-dimensional-
ity space the field-theoretical RG method was applied
for the first time to the two-dimensional Ising model
more than two decades ago. In the classical work [1],
the RG functions of a two-dimensional model of the
lj
4
 type with n = 1 were calculated in the four-loop
approximation. The summation of the obtained RG
expansions by using the Padé–Borel–Le Roy method
led to estimates of “large” critical indices g  and n ,
which were found to be in accord with the Onsager val-
ues. However, the values 0.16, 0.08, and 0.06 obtained
for “small” indices a , h , and b  differ significantly from
the exact values (0, 1/4, and 1/8). In addition, the com-
paratively small number of terms in the RG series and
their stronger convergence than in the 3D case deterio-
rated the accuracy of the numerical results: the values
of the corresponding “spreads” were found to be
between – 0.2 and – 0.6 [1]. The application of more
complicated summation methods [2] based on the
Borel–Le Roy transformations and on the conformal
mapping technique slightly improved the situation; the
estimates a  = 0.06 –  0.24, h = 0.13 –  0.07, and b  =
0.08 –  0.26 were obtained for small indices, but their
difference from the exact values still remained too
large, and the accuracy was quite low.
This work aims at the calculation of the RG func-
tions in a two-dimensional O(n)-symmetry model of
the lj 4 type in the five-loop approximation. These
functions will be determined for an arbitrary n. Sum-
mation of the RG expansions will allow us to determine
the coordinate of a nontrivial fixed point and the critical
indices for the cases n = 1 and 0, which are interesting
from the physical point of view and correspond to lay-
ered Ising ferromagnets and polymers, as well as for an
exactly solvable model with n = –1. The article has the
following structure. Section 1 is devoted to determining
the RG expansions for the b  function and critical indi-
ces. In Section 2, the Padé–Borel–Le Roy method of
summation of the expansion of the b  function is used to
calculate the coordinate of a nontrivial (Wilson) fixed
point  and the index w of corrections to the scaling.
Padé’s approximants of several different types are used
in this case, and the summation procedure is optimized.
Section 3 contains an analysis of asymptotic critical
indices for the above values of n, a comparison of the
numerical results with the exact values and with the
data of calculations on lattices, and a discussion of the
efficiency of the field-theoretical RG method as applied
to problems of the type under consideration.
1. FIVE-LOOP EXPANSIONS 
FOR THE b  FUNCTION AND CRITICAL INDICES
Thus, the Hamiltonian of the model under consider-
ation has the form
(1)
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=where j a is the real n-component vector field, the
square of the “bare mass”  is proportional to T –
, and  is the phase transition temperature disre-
garding order parameter fluctuations.
We will calculate the b  function and critical indices
in the framework of bulk theory. In Green’s function,
the vertex part and the total three-leg vertex are
assumed to be normalized for zero external momenta
according to the conventional procedure
(2)
Since four-loop expansions for the b  function and crit-
ical indices for n = 1 are known [1], we must obtain the
corresponding series for arbitrary n and then calculate
the five-loop contributions. The solution of the first
problem is not complicated by any difficulties, since the
combinatorial factors, tensor convolutions, and the
numerical values of integrals of all one-, two-, three-,
and four-loop Feynman diagrams were determined ear-
lier [18]. Conversely, the integrals corresponding to
five-loop vertex and mass diagrams have not been cal-
culated for the 2D case and will be calculated here for
the first time. Without going into the details of this
computation, we consider the most significant aspects
of the analysis.
The five-loop contribution to the total four-leg ver-
tex is specified by the sum of 124 topologically differ-
ent diagrams, which are compiled in [18]. Twenty-
seven diagrams have a trivial structure in the sense that
their integrals are the products of the integrals of lower-
order diagrams. Several dozens of diagrams correspond
to integrals which can easily be evaluated with the help
of a computer, since they can be reduced to single or
double integrals. However, the calculation of triple and
more complex integrals cannot be carried out using
standard packages and requires the application of
appropriate programs, which were specially developed
for this purpose. The calculation of 31 five-fold and
three seven-fold integrals was the most time-consum-
ing. The latter were evaluated to within four decimal
places, but the relative total contribution of these three
diagrams to the five-loop term was approximately equal
to 2.5%. Because the remaining diagrams were calcu-
lated with errors that were several orders of magnitude
lower, the accuracy of the final result was better than to
five decimal places. As a matter of fact, the accuracy
proved to be still higher, since the experience of per-
forming operations with our programs shows that the
error in such computations is actually an order of mag-
nitude smaller than that declared by the corresponding
option. For this reason, we will henceforth write the
five-loop contribution to the b  function to within six
decimal places.
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Thus, the expansion of the b  function in the model
with the Hamiltonian (1) has the form
(3)
The calculation of five-loop RG expansions for critical
indices also required the computation of quite a family
of multiple integrals, which turned out to be more com-
plicated than in the case of the b  function. Eventually,
the following expressions were obtained for the indices
g  and h :
(4)
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the renormalized coupling constant g4, we used the
dimensionless invariant charge proportional to it:
(6)
which, in contrast to g4, does not tend to zero as n  ¥ ,
but attains a finite value equal to unity.
2. THE COORDINATE OF WILSON’S FIXED 
POINT IN THE FIVE-LOOP APPROXIMATION
The values of indices and other universal parameters
characterizing a phase transition are determined by the
coordinate of Wilson’s fixed point g*, which is a non-
trivial solution to the equation b (g) = 0. Like other
series of the renormalized perturbation theory, the
expansion obtained by us for b (g) is asymptotic; in
order to find g*, the series in Eq. (3) must be reduced to
a convergent one, i.e., subjected to a rearrangement of
its terms. This is usually done using the Borel–Le Roy
transformation
(7)
In order to evaluate the integral in Eq. (7), the Borel
transform F(y) of the required function must be contin-
ued analytically beyond the convergence range. To this
end, we can use Padé’s approximants [L/M], which are
the ratios of polynomials PL(y) and QM(y) of the Lth and
Mth degree, respectively, whose coefficients are
defined unambiguously if the sum L + M + 1 coincides
with the number of the known terms of the series, and
QM(0) = 1. It was found that the best approximating
properties are observed for the diagonal Padé approxi-
mants, for which L = M, or approximants close too
them (see, for example, [19]). However, the number of
roots, i.e., the number of approximant poles in the com-
plex plane, increases with the degree of the denomina-
tor M. If at least some of these poles are close to the real
semi axis y > 0, or, which is still worse, lie on this semi
axis, the corresponding approximant becomes unsuit-
able for the summation of the series. In actual practice,
this considerably limits the degree of the denominator
from above and narrows the choice of admissible
approximants. On the other hand, the presence of the
adjustable parameter b in the Borel–Le Roy transfor-
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mation makes it possible to optimize the summation
procedure by attaining the most rapid convergence of
the iterative process.
Taking into account what has been said above, we
initially chose the following procedure for calculating
the coordinate of the nontrivial fixed point g* [6]. For
each n, a nontrivial root of the equation b (g) = 0 was
determined in four successive (two-, three-, four-, and
five-loop) approximations, and the analytic continua-
tion of the Borel transforms of the b  function was car-
ried out using symmetric or nearly symmetric Padé
approximants: [1/1], [2/1], [2/2], and [3/2]. The param-
eter b was varied over wide limits and chosen such that
the numerical results specified by higher (four- and
five-loop) approximations coincided; i.e., the most
rapid convergence of the iterative procedure was
ensured. Unfortunately, the optimal values of b corre-
sponding to the most rapid convergence proved to be
quite close to the threshold values, i.e., the values
beyond which working approximants acquire poles for
positive values of y. In actual practice, this circum-
stance significantly affects the accuracy of the results
obtained.
In order to avoid the problem of poles, we did not
use the variation of b and confined the analysis (for
Table 1.  Coordinate of Wilson’s fixed point for models with
n = 1, 0, and –1 as calculated in four successive RG approx-
imations and the resultant five-loop estimates of g*(n)
n [1/1] [2/1] [2/2] [3/2] g*, 5-loop
1 2.4246 1.7508 1.8453 1.8286 1.837 –  0.03
0 2.5431 1.7587 1.8743 1.8402 1.86 –  0.04
–1 2.6178 1.7353 1.8758 1.8278 1.85 –  0.05small n) to a fixed value of this parameter (equal to
zero), which corresponds to the Padé–Borel summation
method. In this case, all the Padé approximants listed
above are free from “hazardous” poles, and the iterative
procedure converges quite rapidly. The results of com-
putations for n = 1, 0, and –1 (exactly solvable models)
given in Table 1 clearly illustrate the situation. It can be
seen that the application of the approximants [1/1],
[2/1], [2/2], and [3/2] for analytic continuation of the
Borel transform gives estimates for g* that rapidly
approach asymptotic values; the process of attaining
the asymptotic form has the form of damped oscilla-
tions. The presence of oscillations appears quite natu-
ral, since the series for the b  function is alternating, and
their damping reflects the Borel summability of the RG
expansion. Consequently, it can be concluded that the
asymptotic value of g* must lie between the four- and
five-loop estimates, and it is natural to take their half-
sum as the final result. For example, having obtained
g* = 1.8453 and 1.8286 in the four- and five-loop
approximations of the two-dimensional Ising model,
respectively, we assume that g* = 1.837 is the most
probable coordinate of Wilson’s fixed point. The esti-
mates of g* for other values of n are given in the last
column of Table 1 and in the upper row of Table 2.
The accuracy of determining the coordinate of Wil-
son’s fixed point was estimated as follows. We varied
the parameter b from 0 to 10, i.e., over wide limits, and
traced the ensuing variation of g* obtained by averag-
ing the four- and five-loop results. The range of varia-
tion of this average value was taken as the error in
determining the numerical value of g*. The estimate of
error obtained in this way is quite conservative since it
exceeds considerably (at least by a factor of two) the
difference between the averaged and the five-loop val-Table 2.  Coordinate of Wilson’s fixed point g* and the critical index w  for –1 ‡  n ‡  32 in the five-loop renormalization-group
approximation
n –1 0 1 2 3 4 8 16 32
g*
RG, 5-loop 1.85(5) 1.86(4) 1.837(30) 1.80(3) 1.75(2) 1.70(2) 1.52(1) 1.313(3) 1.170(2)
(b = 1) (b = 1) ([4/1], [3/1]) ([4/1], [3/1])
HT exp [22, 23] 1.679(3) 1.754(1) 1.81(1) 1.724(9) 1.655(16)
MC [25, 29] 1.71(12) 1.76(3) 1.73(3)
SC [24] 1.473(8) 1.673(8) 1.746(8) 1.81(2) 1.73(4)
e-exp [23] 1.69(7) 1.75(5) 1.79(3) 1.72(2) 1.64(2) 1.45(2) 1.28(1) 1.16(1)
1/n-exp [23] 1.758 1.698 1.479 1.283 1.154
w
RG, 5-loop 1.32(4) 1.31(3) 1.31(3) 1.32(3) 1.33(2) 1.37(3) 1.50(2) 1.70(1) 1.85(2)
Note: The values of g* extracted from high-temperature (HT) expansions and strong-coupling (SC) expansions, as well as those calculated
by the Monte Carlo (MC) method, obtained by the processing of e expansion for g* (e-exp), and specified by the corresponding 1/n
expansion (1/n-exp), are given for comparison.
ues of g*. This allows us to treat this estimate as quite
realistic.
Before using the values obtained for determining
critical indices, it would be interesting to compare them
with the values of g* reported earlier in other publica-
tions. The coordinate of the fixed point for the two-
dimensional Ising model was determined by the RG
method in the physical-dimensionality space [1, 2, 20]
from an analysis of high-temperature expansions [16,
21–23] with the help of the e-expansion technique [23],
the Monte Carlo method [25], and the strong-coupling
method [24, 26]. The numerical value of g* was
obtained from the results of calculation on lattices with
the help of the relation
(8)
connecting the renormalized coupling constant g4 =
(8p /3)g with the nonlinear c 4 and conventional c  sus-
ceptibilities of the system in the critical region. The
summation of four-loop RG expansions by the Padé–
Borel ([3/1] approximant) and Padé–Borel–Le Roy
methods, as well as by using the conformal mapping
technique, led to the following estimates: g* = 1.88
[20], 1.8 –  0.3 [1], and 1.85 –  0.1 [2], respectively. The
processing of high-temperature expansions, as well as
of strong-coupling expansions, made it possible to
obtain close values characterized by a high expected
accuracy: g* = 1.751 [21], 1.7547 –  0.002 [16], 1.7538
–  0.0005 [22], and 1.746 –  0.008 [24]. The summation
of the e-expansion for the renormalized coupling con-
stant for e = 2 by using information on exact values of
g* for low-dimensional models (D = 1 and 0) led to the
estimates of g* = 1.79 –  0.05 and 1.75 –  0.05 [23].
Finally, the Monte Carlo method and direct summation
of the strong-coupling expansion for the b -function
resulted in g* = 1.71 –  0.12 [25] and 1.76 [26].
A comparison of these numbers with one another
and with our result g* = 1.837 –  0.03 leads to the fol-
lowing important conclusions. First, the lattice esti-
mates of g*, grouped around the value of g* = 1.75,
noticeably differ from their analogs obtained by the RG
method in the four-loop approximation. Second, the
inclusion of the five-loop contribution to the b -func-
tion, which improves considerably the expected accu-
racy in the determination of g*, leads only to an insig-
nificant displacement of the coordinate of the fixed
point, leaving it outside the interval containing the
results of the calculations on lattices. Moreover, even
the spreads in the errors of the RG and lattice estimates
do not overlap in the five-loop approximation. The rea-
sons behind this discrepancy can be associated with the
insufficient length of the available RG expansions and
the slower convergence of iterations than in the D = 3
case on the one hand, and, on the other hand, with the
presence of nonanalytic contributions to the RG func-
tions, which cannot be determined from perturbation
theory.
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2– g4,–= =The first reason does not appear to be likely. Indeed,
the series for the b  function is alternating, and hence the
dependence of g* on the approximation order is oscil-
lating by nature. This means that the inclusion of the
six-loop term in the expansion of b (g) leads to an
increase in g*, i.e., to a larger difference between the
RG result and its lattice analogs. The perturbative con-
tributions of higher orders might slightly reduce the
six-loop estimate, but the value of g* at any rate
remains larger than that obtained in the five-loop
approximation in view of the convergence of the itera-
tive procedure. Consequently, the divergence under
consideration cannot be eliminated in perturbation the-
ory.
It is natural to attribute this divergence to the effect
of the nonanalytic component of the b  function. It is
well known that field-theoretical functions must have
singularities [27] (Dyson theorem) at the point g = 0,
near which the weak-coupling expansions are con-
structed. In a theory of the lj 4 type, Wilson’s fixed
point itself can be singular for the b  function [23, 28].
Numerous calculations made in recent decades show
that the nonanalyticity of RG functions virtually does
not affect the accuracy of determining the critical indi-
ces and other universal quantities characterizing the
critical behavior of 3D systems. However, the role of
singular terms must increase with decreasing dimen-
sionality. The results obtained can be regarded as a con-
vincing demonstration of the fact that the influence of
nonanalytic terms for 2D objects is no longer negligibly
small.
This conclusion is valid not only for the Ising
model. For n „  1, the field-theoretical RG method also
leads to estimates of g*, which differ significantly from
the numbers obtained by lattice calculations. For exam-
ple, for n = 0, the method of high-temperature expan-
sions and the RG analysis in the five-loop approxima-
tion give g* = 1.679 –  0.003 [24] and 1.86 –  0.04,
respectively (see Table 1). With increasing n, the differ-
ence between the lattice and the RG estimates of the
coupling constant decreases but remains comparable
with the errors in determining g* or exceeds them. This
is clearly illustrated in Table 2, containing, in addition
to five-loop RG estimates, the values of g* for various
values of n obtained from high-temperature expansions
[22, 23] (row 2), strong-coupling expansions [24] (row
4), and the Monte Carlo method [25, 29] (row 3), as
well as those leading to the e expansion summed up
taking into account the available exact values of g* for
D = 1 and 0 (row 5) and the 1/n expansion (row 6); the
latter are borrowed from [23]. (In order to avoid a mis-
understanding, we note that the models with n > 1 are
considered here exclusively for testing the RG method
rather than for describing the thermodynamics of real
degenerate 2D systems, in which ferromagnetic transi-
tions are known to be absent.) In order to determine g*
for n = 16 and 32, Padé approximants [4/1] and [3/1]
were used, since the values of the coupling constant
obtained on their basis depend on the parameter b only
Table 3.  Critical indices for models with n = 1, 0, and –1 determined by the Padé–Borel summation of five-loop RG expansions
n Method g* g h n a b
1 RG 1.837 1.790 0.146 0.966 0.068 0.071
1.754 (HT) 1.739 0.131 0.931 0.139 0.061
Exact 7/4 1/4 1 0 1/8
(1.75) (0.25) (0.125)
0 RG 1.86 1.449 0.128 0.774 0.452 0.049
1.679 (HT) 1.402 0.101 0.738 0.524 0.037
Exact 43/32 5/24 3/4 1/2 5/64
(1.34375) (0.20833) (0.75) (0.5) (0.078125)
–1 RG 1.85 1.184 0.082 0.617 0.765 0.025
1.473 (SC) 1.155 0.049 0.592 0.816 0.014
Exact 37/32 3/20 5/8 3/4 3/64
(1.15625) (0.15) (0.625) (0.75) (0.046875)
Note: The numerical values of these indices are also given for comparison.slightly, and the approximants [3/2] and [2/2] become
inapplicable for large values of n in view of the emer-
gence of “hazardous” poles. It can be seen from Table 2
that the RG and lattice estimates of g* are close to each
other only for n = 2 and 3. This closeness, however, is
accidental and does not change the conclusion concern-
ing the systematic divergence of the field-theoretical
and lattice estimates of the coordinate of the fixed
point.
Apart from the numerical values of the coordinate of
Wilson’s fixed point, Table 2 also contains our esti-
mates of the critical index w  = db (g*)/dg determining
the temperature dependences of scaling corrections.
The index w  was determined by numerical differentia-
tion of the function b (g) specified by the RG expansion
summed up according to the Padé–Borel method
(approximants [3/2] and [2/2]), and the error was taken
as half the difference between the five- and four-loop
estimates of this index. Since the diagonal and close-to-
diagonal approximants acquire “hazardous” poles for
b = 0 with increasing n (see above), the shift parameter
for determining the index w  was taken as 1 for n = 4 and
8, while for n = 16 and 32, the approximants [4/1] and
[3/1] were used (for b = 0).
3. CRITICAL INDICES: DISCUSSION 
OF RESULTS
Let us now determine the numerical values of the
critical indices. It is well known that RG expansions for
different indices differ considerably in their structure.
For example, series (4) for g –1 is alternating and is char-
acterized by a regular behavior of the coefficients,
which does not apply to the RG expansions of g  and n .
In order to ensure the highest rate of convergence of the
iterative procedure, we carried out the Padé–Borel–Le
Roy summation of the series for g –1 and h , while theremaining critical indices were determined with the
help of the well-known scaling relations. In order to
verify the self-consistency of the obtained numerical
results and to estimate their accuracy, we also calcu-
lated the indices
(9)
whose RG expansions have a regular structure. Since
the RG method gives the coordinate of Wilson’s fixed
point which differs noticeably from the results of lattice
calculations (see above), the critical indices were deter-
mined using both the renormalization-group and the
lattice values of g*. This enabled us to determine the
values of g* ensuring the closeness of RG estimates of
critical indices to the exact values and to ascertain the
extent of the sensitivity of these results to the value of g*.
While processing the RG expansion for g –1, we used the
approximant [3/2], while the series for h (i) and h , which
start from the first- and second-order terms in g, respec-
tively, were summed up (after factoring out common
multipliers) with the help of approximants [2/2] and
[2/1]. The values of critical indices determined in this
way were found to be weakly dependent on the param-
eter b, which can obviously be explained by the high
symmetry of the approximants used.
The numerical results obtained for the models with
n = 1, 0, and –1 for b = 0 are presented in Table 3.
Although the values of critical indices are given in this
table to the third decimal place, the actual accuracy of
RG estimates is much lower. An estimate of its value
can be obtained by calculating the index h  in two dif-
ferent ways: summing up directly the series in Eq. (5)
for this index or determining h  as the difference of the
series summed up for h (2) and h (4). In the Ising case, the
value of h  determined by the second method is equal to
0.093, i.e., differs from the direct estimate by 0.053; for
h
2( ) 1
n
-- h 2, h 4( )–+ 1
n
-- 2,–= =
n = 1, this difference is 0.028. Although the attained
accuracy is quite low, it nevertheless makes it possible
to characterize the situation quite definitely. The inclu-
sion of five-loop terms in RG expansions obviously
leads to a certain decrease in the difference between the
renormalization-group estimates and the exact values
of critical indices. At the same time, this does not solve
the problem of small indices, for which the discrepancy
between the predictions of the RG method and the
exact values remain on the order of the indices them-
selves. This conclusion does not depend on whether the
values of g* used for determining critical indices were
obtained by the RG method or from the high-tempera-
ture expansions (n = 1, 0) and the strong-coupling
expansion (n = –1).
Will the inclusion of the next terms in the RG expan-
sion of critical indices change the situation? In all prob-
ability, it will not. Indeed, the series for g –1 and h , as
well as for the indices h (2) and h (4), are alternating,
which leads to oscillating dependences of the numeri-
cal values of these indices on the approximation order.
Since the five-loop estimates of critical indices are
closer to the exact values than the four-loop estimates,
the addition to the six-loop contributions must deterio-
rate (at least to a small degree) the quality of the RG
estimates. This means that the discrepancy under con-
sideration cannot be eliminated in perturbation theory.
It can only be assumed that it originates from nonana-
lytic contributions to the indices. It was proved that
these contributions for 2D models are significant.
In conclusion, let us consider the results of calcula-
tions of the critical index w . It is well known that the
true value of the index of scaling corrections in the two-
dimensional Ising model remains disputable. The first
RG computations in two dimensions (four-loop
approximation) gave values of w  close to 1.3 [1, 2]. The
summation of the e expansion for e = 2 led to the esti-
mate w  = 1.6 –  0.2 [30]. This value is in good agree-
ment with the predictions of the conformal-invariant
theory, according to which w  = 4/3 in the two-dimen-
sional Ising model [31], and with the results of analysis
of high-temperature expansions, according to which
w  = 1.35 –  0.25 [32]. On the other hand, all the above
values contradict the results of exact calculations of the
principal singular and correction terms for the suscep-
tibility of the two-dimensional Ising model, which give
w  = 1 [33]. Moreover, it was found recently that the
two-dimensional Ising model belonging to the family
of conformal-invariant theories for which w  = 4/m, with
m = 1, 2, 3, …, occupies a special place in this family:
the index w  for this model must be equal to 2 [34] and
not to 4/3 (m = 3 in the Ising model). The only pertur-
bative estimate close to w  = 2 was obtained from an
analysis of the strong-coupling expansion for the b
functions, according to which w  = 1.88 [26]. On the
contrary, it can be seen from Table 2 that the results of
our calculations confirm the conclusion about the
closeness of the index w  to 4/3 in the two-dimensionalIsing model. The inclusion of the five-loop term in b (g)
made it possible to improve the accuracy of the esti-
mates for w  as compared to the four-loop approxima-
tion and, accordingly, to make this conclusion more
definite.
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